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Abstract
We consider the blow-up problem of a semilinear heat equation,


ut =Du+ up in × (0, TD),
u
 (x, t)= 0 on × (0, TD),
u(x, 0)= (x)0 in ,
where  is a bounded smooth domain in RN , TD > 0, D> 0, and p> 1. We study the blow-
up time, the location of the blow-up set, and the blow-up proﬁle of the blow-up solution for
sufﬁciently large D. In particular, we prove that, for almost all initial data , if D is sufﬁciently
large, then the solution blows-up only near the maximum points of the orthogonal projection
of the initial data  from L2() onto the second Neumann eigenspace.
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1. Introduction
We consider the Cauchy–Neumann problem


t u = Du+ up in × (0, TD),
u(x, t) = 0 on × (0, TD),
u(x, 0) = (x) in ,
(1.1)
where D > 0, p > 1, TD > 0, t = /t ,  = /,  is a bounded smooth domain in
RN , and  is the exterior unit normal vector to . Throughout this paper we assume
that
 ∈ L∞(), 0,  ≡ 0 in . (1.2)
The blow-up problem of solutions of (1.1) in RN has been studied by many authors
since the pioneering work due to Fujita [4]. We say that TD = TD() is the blow-up
time of the solution uD of (1.1) if TD() is the supremum of all  > 0 such that
uD ∈ L∞(× (0, )). If TD() < +∞, then we have
lim
t↗TD()
max
x∈
uD(x, t) = +∞
and deﬁne the blow-up set BD() of uD as follows:
BD() = {x ∈  : there exists a sequence {(xk, tk)}∞k=1 ⊂ × (0, TD())
such that lim
k→∞(xk, tk) = (x, TD()), limk→∞ uD(xk, tk) = +∞}.
Then, for any x ∈  \ BD(), there exists a neighborhood U of x in  such that
sup(y,t)∈U×(0,TD()) uD(y, t) < +∞. So, by the standard parabolic estimates, we may
deﬁne a smooth function u∗D in  \ BD() such that
u∗D(x) = lim
t↗TD()
uD(x, t), x ∈  \ BD(),
because of TD() < +∞ (see, e.g., [15] and [16]). We call the function u∗D the blow-
up proﬁle of the solution uD . In this paper we study the blow-up time TD , the location
of the blow-up set BD(), and the blow-up proﬁle u∗D of the solution uD of (1.1) for
sufﬁciently large D.
Throughout this paper we use the following notations. Let R+ = (0,∞). For any
measurable set E in Rn, let |E| be the Lebesgue measure of E. Let i (i = 1, 2, . . .)
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be the ith eigenvalue of
{− =  in ,
 = 0 on .
(1.3)
For any i = 1, 2 . . ., we denote by Pi the orthogonal projection from L2() onto the
eigenspace Xi corresponding to i . Here we remark that
1 = 0, P1f = 1||
∫

f dx
for all f ∈ L2(). Furthermore, for any  ∈ C(), we put
M() =
{
x ∈  : (x) = max
y∈
(y)
}
.
Roughly speaking, the location of the blow-up set is decided by the balance between
diffusion and nonlinear terms, and depends on the diffusive constant D. The ﬁrst author
of this paper [5] studied the blow-up time of the solution uD of (1.1) with large diffusion
D, and proved that, if  ≡ 0 in , then
TD() = S(P1)+O
(
log D
D
)
(1.4)
as D → ∞, where S() = (p − 1)−11−p for all  > 0. Furthermore, when  is a
cylindrical domain, that is,  = ′ × (0, L) with a smooth bounded domains ′ in
RN−1 and L > 0, he proved that
BD() ⊂ ′ × {0, L} ⊂ 
if D is sufﬁciently large and the initial data (x) = (x′, xN) satisﬁes
∫ L
0
∫
′
(x′, xN) cos
( 
L
xN
)
dx′ dxN = 0.
Subsequently the ﬁrst author of this paper and Mizoguchi [7] studied the location of
the blow-up set BD() for general bounded smooth domain in RN , and proved that
lim
D→∞ supx∈BD()
dist
(
x,M(P2) ∪ 
) = 0 (1.5)
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if (N − 2)pN + 2. On the other hand, for the case that D is sufﬁciently small,
Mizoguchi [10] studied the location of the blow-up set of the solution for the Cauchy
problem and the Cauchy–Dirichlet problem, and proved that, if (N − 2)p < N + 2,
then
lim
D↘ 0 supx∈BD()
dist (x,M()) = 0 (1.6)
under some suitable conditions on the initial data . Furthermore, the second author
of this paper [13] treated the blow-up problem for the Cauchy–Neumann problem with
small diffusion, and proved that, if  ∈ C2( : R+) satisﬁes  = 0 on , then
there hold that (1.6) and that
lim
D↘0 u
∗
D(x) =
(
(x)−(p−1) − (max
y∈
(y))−(p−1)
)− 1
p−1
uniformly on any compact set in \M(). For the blow-up time for sufﬁciently small
D > 0, see [3,11], and the references therein.
In this paper, we apply the arguments in [6,7,13,14] to the blow-up problem (1.1),
and improve (1.4) and (1.5). In particular, we prove that the solution uD of (1.1)
blows-up only near the maximum points of P2 if D is sufﬁciently large. Furthermore,
we study the behavior of the blow-up proﬁle u∗D as D →∞.
We ﬁrst give a result on the blow-up time TD() for sufﬁciently large D.
Theorem 1.1. Assume (1.2). Let et be a solution of the Cauchy–Neumann problem
for the heat equation with the initial data , and put
Q() = 1||
∫ ∞
0
∫

[
(et)p − (P1)p
]
dx dt.
If  is not a constant function in , then Q() > 0 and
TD() = S(P1)− 1
D
Q()
(P1)p
+O
(
(log D)2
D2
)
(1.7)
as D →∞.
Remark 1.1. Assume (1.2) and let uD be the solution of (1.1). Then we have
d
dt
(P1uD)(t) = 1||
∫

uD(x, t)
p dx(P1uD)(t)p, 0 < t < TD. (1.8)
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This inequality implies that TD()S(P1) < ∞ for all D > 0. Furthermore, if
TD() = S(P1), then
uD(x, t) = (P1uD)(t), (x, t) ∈ × (0, TD())
and we see that  is a constant function in .
Next, we give a result on the location of the blow-up set BD() and the blow-up
proﬁle u∗D for sufﬁciently large D.
Theorem 1.2. Assume (1.2) and P2 ≡ 0 in . Let uD be the solution of the Cauchy–
Neumann problem (1.1) and u∗D the blow-up proﬁle of the solution uD . Then
lim
D→∞ supx∈BD()
dist (x,M(P2)) = 0 (1.9)
and
lim
D→∞ e
− 2DTD
p−1 u∗D(x)
= (p − 1)− 1p−1 (P1)
p
p−1
(
max
y∈
(P2)(y)− (P2)(x)
)− 1
p−1
(1.10)
uniformly on any compact set of  \M(P2).
We remark that Theorem 1.2 holds for all p > 1 (compare with the results in [7]).
The condition that P2 ≡ 0 in  holds for almost all initial data  physically. We
may ﬁnd the similar condition in the Rauch observation [12], which means that the hot
spots of the solutions of the heat equation under the zero Neumann boundary condition
move to the boundary, as t → ∞. According to the Rauch observation, Kawohl [9]
conjectured that the set M(P2) is a subset of  for all convex domains . It is
known that this conjecture holds for parallelepipeds, balls, annuli (see [9]), and two
dimensional, thin convex polygonal domain with some symmetries (see [1,8]). For any
non-convex domain , it does not necessarily hold that M(P2) ⊂  (see [2]).
We explain the idea of the proof of Theorem 1.2. If D is sufﬁciently large, the
diffusion term works more effectively than the nonlinear one until t = T˜D ≡ TD−D−1,
and uD(·, T˜D) nearly equals to the constant (P1uD)(T˜D). Furthermore, the proﬁle of
uD(·, T˜D) is decided by P2 mainly (see (4.2) and (4.3)). Let MD = maxx∈ uD(x, T˜D)
and TˆD = T˜D + S(MD). After the time t = T˜D , the nonlinear term works more
effectively than the diffusion one, and P2 also decides the proﬁle of the solution
uD at t = TˆD (just before the blow-up time). See Lemma 4.1. Finally, we study the
location of the blow-up set and the blow-up proﬁle of uD by using the results in [13]
and the proﬁle uD just before the blow-up time, and prove Theorem 1.2.
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This paper is organized as follows: in Section 2, we give some preliminary results
on the behavior of the blow-up solutions of (1.1). In Section 3, we study the error term
of (1.4), and prove Theorem 1.1. In Section 4, we study the proﬁle of the solution uD
just before the blow-up time for sufﬁciently large D, and prove Theorem 1.2.
2. Preliminary results
In this section, we recall some results on the behavior of the solution uD of (1.1) to
prove Theorems 1.1 and 1.2. We ﬁrst recall a result on the blow-up rate of the solution
uD of (1.1) for sufﬁciently large D (see [6, Theorem 1.2 and (4.9)]).
Proposition 2.1. Let uD be a solution of (1.1) under the condition (1.2). Then there
exists a constant C such that
uD(x, t)C(TD()− t)−1/(p−1) (2.1)
for all (x, t) ∈ × (0, TD()) and all sufﬁciently large D.
Next, we recall a result on the proﬁle of the solution uD at the time t ∈ [tD, TD()−
D−3], where tD = log D/3D. Put
uiD(t) = (PiuD)(t), i = 1, 2, u3D(t) = uD(t)− (u1D(t)+ u2D(t))
for all t ∈ [0, TD()). Let l = dimX2 and {i}li=1 be an orthonormal basis of X2. If
P2 ≡ 0 in , we assume, without loss of generality, that 1 = P2/‖P2‖L2(). Put
a
j
D(t) =
∫

uD(t)j dx, A
j
D(t) =
a
j
D(t)
u1D(t)
p
, j = 1, . . . , l.
Then we have the following proposition (see [7, Lemma 2.3]).
Proposition 2.2. Assume (1.2) and let uD be a solution of (1.1). Then there exist
positive constants K, 	 > 2, and D0 such that
l∑
j=1
∣∣∣AjD(t)e2Dt − AjD(0)∣∣∣ KD−(3−2)/3 (2.2)
and
‖u3D(t)‖L∞()Ku1D(t)pDNe−	Dt (2.3)
for all DD0 and t ∈ [tD, TD()−D−3].
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Remark 2.1. The proof of Lemma 2.3 in [7] is given under the assumption that P2 ≡
0 in . However, we use the assumption that P2 ≡ 0 in  only to put 1 =
P2/‖P2‖L2(). So Proposition 2.2 holds without the assumption that P2 ≡ 0 in .
Next, we recall a result on the behavior of the blow-up solution with D = 1, which
is obtained by the minor modiﬁcation of Theorem 6 in [14]. The following proposition
is useful to study the proﬁle of the solution uD of (1.1) just before the blow-up time
for sufﬁciently large D.
Proposition 2.3. Let {
}>0 ⊂ C() and 
 ∈ C() such that
lim
↘ 0 ‖

 − 
‖
C() = 0.
Let {}>0 such that lim↘0  =  > 0. Then, for sufﬁciently small  > 0, put
(x) = (1− 
(x)) > 0, x ∈ .
Let v be the blow-up solution of (1.1) with D = 1 and  = . Let T  be the blow-up
time of the blow-up solution v. Assume that there exists a constant t0 ∈ (0, S()) such
that
min
x∈
(et0
)(x) > 0.
Then
T  > S()
for all sufﬁciently small  > 0. Furthermore
lim
↘ 0
∥∥∥ 1p−1 v(·, S())− 2S()− 1p−1 (eS()
)(·)− 1p−1 ∥∥∥
C()
= 0,
where  = (p − 1)−1/(p−1).
Next, we recall a results on the location of the blow-up set and the blow-up proﬁle
of the solution uD of (1.1) with small diffusion (see [13, Theorem 6]).
Proposition 2.4. Let f ∈ C2( : R+) such that


f (x) = 0 on .
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Let {}>0 ⊂ C( : R+) such that lim↘0 ‖−f ‖C() = 0. For any  > 0, let v be
a blow-up solution of (1.1) with D =  and  = . Let T, B, and v∗ be the blow-up
time, the blow-up set, and the blow-up proﬁle of the blow-up solution v, respectively.
For a positive constant C, let EC ⊂ R+ be the set of all number  > 0 satisfying
v(x, t)C(T − t)−1/(p−1)
for all (x, t) ∈  × (0, T). Then, for any C > 0 and  > 0, there exists a positive
constant C, such that
B ⊂M(f, ) ≡
{
x ∈  : f (x) > ‖f ‖∞ − 
}
and
∥∥∥∥v∗ (·)− (f (·)−(p−1) − ‖f ‖−(p−1)∞ )−1/(p−1)
∥∥∥∥
C(\M(f,))

for all  ∈ EC ∩ (0, C,].
3. Proof of Theorem 1.1
Proof of Theorem 1.1. By the Hölder inequality, we have
1
||
∫

(et)p dx
(
1
||
∫

et dx
)p
= (P1)p
for all t > 0, and this inequality implies that Q()0. Furthermore, if
Q() = 0, then et = P1 for all t0. So Q() = 0 implies that  is a con-
stant function in .
Next we prove (1.7). By (1.8), we have
0 < u1D(0)u1D(t)(TD()− t)−1/(p−1), 0 < t < TD. (3.1)
Let 	 be the constant given in Proposition 2.2 and (D) =  log D/D, where  is a
constant such that
 max{2/2, 1/3, (N + 2)/	}.
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By (1.4) and (2.2), we have
a
j
D((D)) = u1D((D))pAjD((D))
= u1D((D))p
(
A
j
D(0)+ o(1)
)
e−2D(D) = O(D−2)
and
‖u3D((D))‖L∞() = O(D−2)
as D →∞, for all j = 1, . . . , l. These inequalities imply that
‖uD(·, (D))− u1D((D))‖L∞() = O(D−2) (3.2)
as D →∞. By the comparison principle and (3.2), we obtain
TD()− (D) = S(u1D((D))+O(D−2))
= S(u1D((D)))+O(D−2)
= (p − 1)−1u1D((D))1−p +O(D−2) (3.3)
as D →∞.
On the other hand, we have
uD(x, t)− (eDt)(x) =
∫ t
0
(eD(t−s)uD(s)p)(x) ds. (3.4)
For any  > 0, let  = (t : ) be the solution of the ordinary differential equation
′ = p with (0) = , that is,
(t : ) =  (S()− t)−1/(p−1) , 0 t < S(). (3.5)
Then, by the comparison principle, we have
‖uD(t)‖L∞()(t : ‖‖L∞()), 0 t < S(‖‖L∞()).
This inequality together with (3.4) implies that
‖uD(·, t)− eDt‖L∞()Ct (3.6)
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for all t ∈ [0, S(‖‖L∞())/2], where C is a positive constant. By (1.1) and (3.6),
we have
u1D((D)) = P1+
1
||
∫ (D)
0
∫

uD(x, t)
p dx dt
= P1+ 1||
∫ (D)
0
∫

(eDt)p dx dt +O((D)2)
= P1+ 1
D||
∫ D(D)
0
∫

(et)p dx dt +O((D)2)
= P1+O((D))
as D →∞. Therefore, by (3.3), we have
TD()− (D) = S(P1)− 1
D(P1)p||
∫ D(D)
0
∫

(et)p dx dt +O((D)2)
as D →∞, and we obtain
TD() = S(P1)− 1
D(P1)p||
∫ D(D)
0
∫

[
(et)p − (P1)p
]
dx dt
+O((D)2) (3.7)
as D → ∞. On the other hand, by the Fourier expansion of the solution of the heat
equation, we have
‖et− P1‖L∞() = O(e−2t )
as t →∞, and we obtain
∫ ∞
D(D)
∫

∣∣∣(et)p − (P1)p∣∣∣ dx dt = O
(∫ ∞
D(D)
e−2t
)
= O(D−2)
as D →∞. Therefore, by (3.7), we have
TD() = S(P1)− 1
D
Q()
(P1)p
+O((D)2)
as D →∞, and the proof of Theorem 1.1 is complete. 
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4. Proof of Theorem 1.2
In this section, we prove Theorem 1.2 by using Propositions 2.1–2.4. Put TD = TD()
and T˜D = TD−D−1 for simplicity. By the comparison principle, (3.2), (3.3), and (3.5),
we have
uD(x, T˜D) = 
(
T˜D − (D) : u1D((D))+O(D−2)
)
= 
(
S(u1D((D))+O(D−2))− T˜D + (D)
)−1/(p−1)
= 
(
D−1 +O(D−2)
)−1/(p−1)
= D1/(p−1)(1+O(D−1))
uniformly for all x ∈ , as D →∞. So we have
u1D(T˜D) = D1/(p−1)(1+O(D−1)) (4.1)
as D →∞. On the other hand, we put

D(x) = e2DT˜D
(
u1D(0)
u1D(T˜D)
)p [
uD(x, T˜D)− u1D(T˜D)
]
− (P2)(x), x ∈ ,
and have
uD(x, T˜D) = u1D(T˜D)+
(
u1D(T˜D)
u1D(0)
)p
e−2DT˜D
[
(P2)(x)+ 
D(x)
] (4.2)
for all x ∈ . Then, by Proposition 2.2, (1.4), and (4.1), we have
lim
D→∞‖
D‖C() = 0. (4.3)
Put
MD = max
x∈
uD(x, T˜D), M = max
x∈
(P2)(x), mD = max
x∈
((P2)(x)+ 
D(x)).
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By (4.2) and (4.3), we have
MD = u1D(T˜D)+
(
u1D(T˜D)
u1D(0)
)p
e−2DT˜DmD, lim
D→∞ mD = M. (4.4)
Then we have the following lemma.
Lemma 4.1. Assume that P2 ≡ 0 in . Put
TˆD = TD −D−1 + S(MD) = T˜D + S(MD).
Then
TˆD < TD (4.5)
for all sufﬁciently large D. Furthermore
lim
D→∞
∥∥∥∥e− 2DTDp−1 uD(·, TˆD)− (P1) pp−1 (e2M − (P2)(·))− 1p−1
∥∥∥∥
C()
= 0. (4.6)
Proof. For any x ∈ ,  ∈ [0, 1), and D > 0, we put
wD(x, ) = D−1/(p−1)uD(x, TD +D−1(− 1)),

˜D(x) = e2
(
mD − (P2)(x)− 
D(x)
)
, 
˜∞(x) = e2
(
M − (P2)(x)
)
,
D = D−1/(p−1)MD, D = M−1D
(
u1D(T˜D)
u1D(0)
)p
e−2DTD .
Then, (1.1) and (4.4), the function w = wD(x, ) satisﬁes


w = w + wp in × (0, 1),


w = 0 on × (0, 1),
w(x, 0) = D(1− D
˜D(x)) in 
(4.7)
and
lim sup
↗1
‖w(·, )‖L∞() = ∞. (4.8)
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By (1.4), (4.1), (4.3), and (4.4), we have
lim
D→∞ D = , limD→∞ S(D) = 1, (4.9)
lim
D→∞De
2DTD D = 
p−1
(P1)p
, (4.10)
lim
D→∞‖
˜D − 
˜∞‖C() = 0. (4.11)
Furthermore, we have
(e
1
2
˜∞)(x) = e2(M − e−2/2(P2)(x))
 e2M(1− e−2/2) > 0, (4.12)
(e
˜∞)(x) = e2M − (P2)(x) (4.13)
for all x ∈ . Therefore, by Proposition 2.3, (4.7)–(4.9), and (4.12), we have
S(D) = DS(MD) < 1 (4.14)
for sufﬁciently large D, and
lim
D→∞
∥∥∥∥ 1p−1D wD(·, S(D))− 2e− 2p−1 (e
˜∞)− 1p−1
∥∥∥∥
C()
= 0. (4.15)
The inequality (4.14) implies (4.5). Furthermore, by (4.10), (4.13), and (4.15), we have
(4.6), and the proof of Lemma 4.1 is complete. 
By using Propositions 2.1, 2.4, and Lemma 4.1, we complete the proof of Theorem
1.2.
Proof of Theorem 1.2. For any sufﬁciently large D > 0, put D = De−2DTD and
D = e2DTD(TD − TˆD). By (1.4), we have
lim
D→∞D = 0. (4.16)
Deﬁne the function
zD(x, ) = e−
2DTD
p−1 uD(x, TˆD + e−2DTD)
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for all (x, ) ∈ × [0, D) and all sufﬁciently large D. Then the function zD satisﬁes
{
zD = DzD + zpD in × (0, D),
zD = 0 on × (0, D)
(4.17)
and
lim sup
↗D
‖z(·, )‖L∞() = ∞. (4.18)
Furthermore, by Proposition 2.1, there exists a constant C such that
zD(x, )C(D − )−1/(p−1) (4.19)
for all (x, ) ∈  × (0, D) and all sufﬁciently large D. Furthermore, by Lemma 4.1,
we have
lim
D→∞
∥∥∥zD(·, 0)− (P1) pp−1 (e2M − P2)− 1p−1 ∥∥∥
C()
= 0. (4.20)
Let BD and z∗D be the blow-up set and the blow-up proﬁle of zD . Then, by Proposition
2.4, and (4.16)–(4.20), we have
lim
D→∞ supx∈BD
dist (x,M(P2)) = 0 (4.21)
and
lim
D→∞ z
∗
D(x) = (P1)
p
p−1 (M − (P2)(x))−
1
p−1 (4.22)
uniformly on any compact set of  \M(P2). By (4.21) and (4.22), we have (1.9)
and (1.10), and the proof of Theorem 1.2 is complete. 
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